In this paper we present a hydrodynamical model which describes hole motion in silicon. The model is based on the moment method and the closure of the system of moment equations is obtained by using the maximum entropy principle (hereafter MEP). The heavy, light and split-off valence bands are considered. The first two are described by taking into account their warped shape, while for the split-off band a parabolic approximation is used. Moreover the model is coupled with an analogous model for electrons, so obtaining a complete description of charge transport in silicon. Numerical simulations are performed both for bulk silicon and a p-n junction.
Introduction
While there is a very wide literature on electron transport in semiconductors, hole transport has been studied less intensively, in particular there is a lack of macroscopic models. This is probably due to the complex structure of the valence bands which makes the study rather difficult. However holes give a relevant contribution to the charge transport properties in a great variety of semiconductor devices: silicon and compound p-channel field-effect transistors, bipolar transistors, hetero-structural bipolar transistors, and optoelectronic devices like lasers and light emitting diodes.
A powerful tool to describe the behavior of those devices consists of the system of the semi-classical Boltzmann transport equations for electrons and holes coupled to the Poisson equation. However, although modern computers operate at continuously increasing CPU speed, the direct integration of this system is a very expensive computational task. For this reason, it is appropriate to develop macroscopic models, see for example [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and references therein. In industrial applications for simulating the hole transport in bipolar devices the drift-diffusion model is commonly used [14, 15] , which assumes that the charge flow is isothermal. This is justified in devices like n-MOSFET's (Metal Oxide Field Effect Transistors), where the hole contribution to the total current is marginal. However, as said, in other devices, like bipolar and p-MOSFET's, the role of holes in charge transport is of the same order or even greater than that of electrons. In such situations more sophisticated models are needed.
In this paper we revisit the hydrodynamical model of hole transport in silicon semiconductors presented in [16] , in the sense that we take a correct expression for the acoustic phonon energy (see the Appendix B), and we use different effective masses for the different types of holes, while in [16] different values of the deformation potentials for the heavy and the light holes were considered, which is in contradiction with the conservation of the total hole population. New simulations of hole transport in bulk silicon are presented, but above all the model is coupled to a corresponding hydrodynamical model for conduction electrons [17, 18] and simulations of a p-n junction are effected.
In the model, both intra-and interband hole transitions are taken into account, including scatterings with non-polar optical phonons, acoustic phonons and impurities. At variance with [16] interband scatterings which involve the split-off band are also included. The main generation-recombination mechanisms for silicon are considered too, that is the Auger and the Schockley-Read-Hall effects in their relaxation time approximations [19, 20] .
Due to the anisotropy of the bands, the determination of the constitutive equations for holes is rather involved and suitable expansions must be introduced in the case of acoustic scattering in order to make the problem analytically tractable as already well known in other previous approaches [21, 22] . However computations are made once for all and at the end the constitutive relations are tabulated and usable for every type of device. The plan of the paper is as follows. In section 2, we begin by recalling the main concepts relative to the silicon energy band structure and the semiclassical description of hole transport. In section 3, we present the macroscopic balance equations of the model, whose closure is obtained by means of the MEP in sections 4 and 5. In section 6, we present numerical simulations regarding the bulk case and we assess the validity of the model and the importance of considering the holes of the split-off band. In the last section we couple the model for holes to that for electrons introduced in [17, 18] and simulate a p-n junction. The hole energy spectrum in silicon is represented by three bands [23] , whose schematic representation is given in Figure 1 . The first two bands are the heavy and light valence bands which are degenerate at k = 0, where they reach their maximum. The third one is the so-called split-off band which is separated from the first two by a spin-orbit energy equal to 0.0443 eV at k = 0. Because of its low density of states and its energy separation, the split-off valence band is usually neglected.
Due to the degeneracy at k = 0, the constant energy surfaces of the heavy and light holes have a warped shape, see Figure 2 , which is analytically approximated by the expression
where is the reduced Planck constant and − and + stand for the heavy and light holes respectively. m ∓ are the heavy and light hole effective masses, k x , k y , k z are the components of k with respect to the principal crystallographic axes and A, B and C, which depend on the specific material, are the inverse valence band parameters. The split-off hole band is described by the parabolic approximation
with m so effective mass. Formally the parabolic case is recovered from the warped one by setting |A| = 1, B = C = 0. For more information relative to bands, the interested reader is referred to [16] and references therein. Once the band structure is determined, it is possible to describe the hole transport 
where is the dielectric constant, E is the electric field and n, p N d , N a are the electron, hole, donor and acceptor densities. e is the absolute value of the elementary charge. 
and H is different from G in the case of interband collisions. P (k H , k G ) is the transition rate from the state with wave-vector k H to the state with wave-vector k G . For it the detailed balance principle holds
where k B is the Boltzmann constant and T L is the constant lattice temperature. ∆ HG is the bottom of the energy band G measured from the bottom of the energy band H. ∆ HG is therefore zero for intraband transitions as well as for interband transitions between light and heavy holes, which have the same minimum. The scattering rates corresponding to the various interaction mechanisms are reported in detail in the Appendix A.
Macroscopic balance equations
Starting from the Boltzmann equations (2), it is possible to obtain macroscopic equations for holes multiplying equations (2) by suitable weight functions ψ = ψ(k) and integrating with respect to k over R
where
is the moment of f H relative to the weight function ψ(k). We will use the weight functions 1, v, E, Ev; correspondingly the moment equations are
which respectively are the balance equations for the H-hole density
the average H-hole velocity
the average H-hole energy
the average H-hole energy flux
In the equations
is the density production,
is the velocity production,
is the flux of the energy flux,
is the energy flux production.
Fluxes
Since the f M E 's are now explicitly expressed in terms of the p, V, W, and S 's, we can evaluate all the unknown moments present in the system (7)- (10) . Although anisotropic, the energy bands have the same (discrete) symmetries as the cube, from which one has the following Proposition 2 Up to the first order in δ
hold, where
with
Proof See [16] . The values of J 4 are reported in the Appendix C.
Production terms
Now we turn our attention to the closure relations of the production terms. Since the various scattering mechanisms contribute additively, we can consider them separately.
Intraband non-polar optical phonon-hole scattering
By using the chain of equalities
it is possible to get the following expressions for the production terms
where the coefficients c (op) ij , i, j = 1, 2 together with B 1 , B 2 and K op are reported in the Appendix B.
Intraband acoustic phonon-hole scattering
Using the detailed balance principle (5), the moment of the collision term with respect to the weight function ψ(k) can be written as
After that, taking into account the appropriate approximations for the phonon energy and the phonon occupation number, see Appendix B, one gets the following contribution to the production terms due to the acoustic phonon scattering up to the second order in
where the matrix C (ac) of the coefficients c (ac) ij can be found in the Appendix B.
Intraband scattering with impurities
Expressing q in terms of k and k
after some calculations, one finds that the contribution to the production terms due to the impurities is given by
Here
and
The integrals appearing in the coefficients d ij can be evaluated by using Gaussian quadrature formulas with respect to energy and iterated standard formulas for simple integrals, e.g. Simpson rule, as regards the angular integration.
Interband non polar optical phonon-hole scattering
For the scattering from the band H = −, +, so to the band G = −, +, so, with H = G, we get
where the various coefficients are written in the Appendix B.
Interband acoustic phonon-hole scattering
The contribution to the production terms due to the acoustic phonon scattering from the band H to the band G, with H, G = +, −, so, H = G, is given by
with the coefficients reported in the Appendix B.
Interband scattering with impurities
The contribution to the production terms due to the interband scattering with impurities is given by
(48) Also the coefficient appearing in the above-written expressions can be found in the Appendix B.
Generation-recombination terms
In this subsection we write only the productions for holes. Of course similar terms must be considered also for electrons but they can be easily obtained with a similar procedure. At variance with the previous scatterings, the density of the total population of holes is no longer conserved; instead we have
For the other production terms, one finds
where Γ n and Γ p are constants, τ n and τ p are the carrier life times, n i is the intrinsic concentration and W 0 =
Simulation of the bulk case
In this section we present some simulations regarding the case of undoped bulk silicon. In particular we consider a model where only the heavy and light holes are taken into account as in [16] , and a model where also the split-off holes are included. So doing it is possible to evaluate the influence of the latter ones, which are usually neglected, on the electric properties of silicon. In both cases, the stationary solution is obtained as asymptotic limit of the solution of the time-dependent problem. The only non trivial contribution is along the direction of the electric field which enters into the equations as a parameter.
In fact the Poisson equation is solved taking the total hole population equal to the doping concentration together with a linear electrostatic potential.
In the two-band homogeneous case, with obvious meaning of the symbols, the hydrodynamical model reads
For the sake of brevity, we do not write down the equations of the three-band model since they are analogous to the previous ones. In literature (e.g. see [31] , [32] , [33] ) many different values of the band coefficients, the effective masses and the deformation potentials can be found, since their values are usually fitted against the experimental data. We use the physical parameters reported in table 2, which are in the range of typical values known in the literature [31, 32, 37, 38] . We have numerically solved the two systems both using a semi-implicit Euler scheme described in [16] and exploiting a 4-th order Runge-Kutta method. The stationary solution is reached after about 3 picoseconds. The results are plotted versus the electric field. As physically expected, the heavy band is more populated than the light and split-off ones, which is shown by the percentage of heavy holes reported in Figure 3 1 , relative to the two band model, and by the band relative populations in the three band case shown in Figure 3 2 . The average velocity of the light and split-off holes is much higher than that of the heavy ones (see Figures 4 and 5) according with their smaller effective masses. In the two models the overall average hole velocity is respectively given by
V is plotted against the electric field in Figure 6 1 : a velocity field noticeably better than that in [16] is obtained when compared with those in [31, 34, 35, 36, 37] . We note that, at high fields, V is only slightly higher in the three-band model which means that calculations with only two bands could be good enough for the estimate of the total hole current. Also the results relative to the energy are presented ( Figure 6 2 ) and they are in good agreement with those in [31] . Analyzing the results more in detail we remark the following aspects. There is an unexpected population inversion between light and split-off holes in the three-band model (Figure 3 2 ), an overestimation of the saturation velocity, if compared with the experimental data in [35] , and a small underestimation of the total average energy. 
Application to a p-n junction
We have coupled the above described two-band model to the analogous model for conduction electrons [17, 18] augmented of the generation-recombination terms 4 The subscript e means that the variables are referred to the electrons [35] , and full band spherical harmonics model (triangles) [39] . Right: average energy as function of the electric field in the two-band (dashed line) and three-band (continuous line) models 
∂(n S
where W 0 e is the electron equilibrium energy and the closure relations for the fluxes
e , G
e , and the production terms
can be found in [17, 18] . The resulting full model for holes and electrons has been used for the numerical simulation of the Si p-n junction diode studied as a test case in [3] . The physical parameters of this device are reported in table 1. The doping profile is given by
with an abrupt junction at L 0 . We have numerically solved the full hydrodynamical model discussed above. No analytical solution to the Riemann problem for this model is available at the present time, therefore an approach based on the full numerical evaluation of the Roe matrix is unpractical. We have resorted to an extension [40] of the traditional central differencing schemes to one-dimensional balance laws with (possibly stiff) source terms, which has been developed on the basis of the Nessyhau and Tadmor scheme [41] for homogeneous hyperbolic systems. The complete method is based on a second-order splitting technique which separately solves the system with the source put equal to zero (convection step) and the one with the flux put equal to zero (relaxation step). We have used equilibrium charge neutrality boundary conditions for the densities and null gradient boundary conditions for all the other variables. We have decomposed the semiconductor length uniformly with 600 nodes. The computation time is a few seconds for each picosecond on a standard notebook. In the following we report only steady state solutions obtained by letting t → ∞ numerically. The bias voltage at the contacts is the superposition of the thermal equilibrium boundary potential (the built in potential V bi ) and the applied potential V a .
In Figures 7 and 8 the stationary carrier densities and the electrostatic potential are shown for the following applied voltages: V a = −0.2, 0, 0.75, 1V , the sign + referring to direct polarization.
Conclusions and acknowledgments
In this paper we have presented a hydrodynamical model for the hole transport in silicon obtained by using the maximum entropy principle. The band structure is described with the so called warped approximation. Heavy, light and split-off bands are taken into account. Simulations in the bulk homogeneous case are performed. The results of these simulations show a good accuracy of the model in describing the behavior of the velocity and the energy versus the electric field. In our opinion the results at very high fields could be further improved if the nonparabolicity of the heavy and light bands were taken into account. This crucial point is currently under investigation by the authors and will be the object of a future paper. We have also coupled the hole model with a model for electrons and we have simulated a test case p-n diode.
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Appendix A: scattering rates
The scattering rates corresponding to the various interaction mechanisms [31, 42] have the expressions below, while all the physical parameters are summarized in table 2.
• Intraband non-polar optical phonon scattering
where δ is the Dirac delta,
is a coupling constant and N op is the optical phonon distribution at equilibrium
with ω op the phonon frequency, D t K the optical deformation potential and ρ the silicon density.
• Intraband acoustic phonon scattering
where q is the acoustic phonon wave vector,
, for heavy and light holes, 1, for split − off holes, is the overlap factor [43, 44] ,
8π 2 ρvs , v s the longitudinal component of the sound speed and Ξ d the acoustic deformation potential. In [16] , following [42] , a simplified expression for the modulus of q was adopted. Here such an approximation has been improved (see Appendix B) since it leads to an inconsistency with the detailed balance principle and density conservation.
• Intraband impurity scattering
4 π 2 2 , with Z the impurity atomic number, n I the impurity concentration and β the inverse Debye length
• Interband non-polar optical phonon scattering. We have adopted the approximation of writing this scattering as in the intraband case taking into account the difference between the energy bottoms of the bands.
• Interband acoustic phonon scattering.
The only difference with respect to the intraband case is the change of the overlap factor, which for scatterings involving heavy and light holes becomes equal to
, [31, 43] .
• Interband impurity scattering. Also in this case the difference with respect to the intraband scattering is the change of the overlap factor [32] .
• Electron-hole generation-recombination. It includes several mechanisms. We have considered only the most important ones for silicon, that is the Auger and the Schockley-Read-Hall (SRH) processes in a relaxation time approximation [20] 
where the M H 's are the Maxwellians normalized to unit density. A similar expression was adopted in [16] following [20] . However the approximation in [20] at variance of (66) presents a lack of integrability and it does not admit the moments necessary for a hydrodynamical model.
Appendix B: scattering terms
In this Appendix we write down the coefficients appearing in the scattering terms.
Intraband non-polar optical phonon-hole scattering
For this scattering mechanism we have
where the coefficients b ij are given by (22) . The prime refers to the derivative with respect to λ W and
with K 1 the modified Bessel function of second kind of index 1 and
Intraband acoustic phonon-hole scattering
At difference with [16] and [45] , to obtain expressions correct up to the second order in the small parameter
, we start from the momentum and energy conservations
where the signs ± respectively refer to the absorption and emission processes and ω ac is the phonon frequency. Up to the second order in
, the phonon energy can be expressed in terms of the initial electron energy, the initial and the final electron directions by
An analogous relation can be written in terms of the final energy E instead of E, which is needed in the emission case. Coherently N q is expanded in Laurent's series with respect to
Using the above-written results one can obtain the expressions for the c ij 's appearing in (29) , (31) . The matrix C (ac) of these coefficients is equal to the product of the matrix D Interband non-polar optical phonon-hole scattering
For this scattering mechanism
Interband acoustic phonon-hole scattering
Analogously to the intraband case it is possible to express the phonon energy in terms of E H , n H and n G
, a similar relation can be written in terms of the final energy E G instead of E H . As regards the coefficients in the production terms, in the case in which only the heavy and light bands (which have the same bottom energy) are involved, they read 
For the coefficients c ij we have C 
